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A B S T R A C T

Arrow’s impossibility theorem shows that all preference aggregation rules (PARs) must violate
a specific set of normative conditions (transitivity, Pareto, IIA, nondictatorship) over an
unrestricted domain of preference profiles. However, the theorem does not address which
PARs are more likely to violate those conditions across preference profiles. We compare
the probabilities that thirteen PARs (anti-plurality, Hare, Nanson, plurality, plurality runoff,
Simpson–Kramer, Baldwin, Borda, Coombs, Copeland, Dowdall, pairwise majority, and ranked
pairs) violate Arrow’s conditions. We prove that Baldwin, Borda, Coombs, Copeland, Dowdall,
and ranked pairs are less likely to violate IIA than the first six PARs, and they are less likely
to violate Arrow’s conditions jointly. In contrast, pairwise majority never violates IIA but can
violate transitivity. Simulations with three alternatives reveal that among the PARs studied,
pairwise majority is the most likely to satisfy Arrow’s conditions jointly. Our results suggest
pairwise majority violates transitivity with a small probability, while the other PARs violate
IIA with much larger probabilities.

1. Introduction

Arrow’s (1963) impossibility theorem created a milestone in the history of voting theory, welfare economics, and social choice.
‘It is not stating the case too strongly’’, Ordeshook wrote, ‘‘to say that Arrow’s theorem and the research that it inspired wholly
ndermine the general applicability or meaning of concepts such as the public interest and community goals’’ (1986, 65).

Arrow’s theorem shows that a few ‘‘plausible and desirable features of a social decision mechanism are inconsistent with
emocracy’’ (Varian, 2010, 634). Arrow believed that any method of aggregating individual preferences should produce a transitive
anking (transitivity), respect unanimous consent on pairs (Pareto), be independent of the rankings of other pairs (IIA), and work
or any ordering of individual preferences (unrestricted domain). Arrow showed that, for at least two individuals and at least three
lternatives, it is not possible to aggregate individual preferences and guarantee that each condition is simultaneously satisfied
nless the method is a dictatorship.

The collection of individual preference rankings is called a profile. Arrow proved that one of his conditions must be violated in
the set of all possible profiles if dictatorship is not allowed. He did not prove that his properties must be violated for every profile.
This is why he originally called his theorem a possibility theorem rather than an impossibility theorem, because the conflicts were
possible but not universal.

In this paper we compare the probability that various preference aggregation rules (PARs) violate one or more of the conditions
of Arrow’s theorem. Our analysis is similar to studies about the probability of pairwise majority violating the Condorcet Criterion or
transitivity (Niemi and Weisberg, 1968; Merrill, 1984; Gehrlein, 1994; Huang and Chua, 2000; Lepelley et al., 2000; Gehrlein and
Lepelley, 2010), or other voting rules violating other properties (Plassmann and Tideman, 2014; Tideman and Plassmann, 2014;
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Diss and Doghmi, 2016; Green-Armytage et al., 2016). Our primary goal is to determine which PARs are most likely to adhere
to Arrow’s conditions, thereby extending recent studies that show pairwise majority is most likely to adhere to a set of similar
conditions when trying to determine a single best selection rather than a complete ordering of all the alternatives (Dasgupta and
Maskin, 2008; Xefteris, 2014).

Specifically, we consider anti-plurality, Baldwin, Borda, Coombs, Copeland, Dowdall, Hare, Nanson, pairwise majority, plurality,
lurality runoff, ranked pairs, and Simpson–Kramer. We prove that anti-plurality, Hare, Nanson, plurality, plurality runoff, and
impson–Kramer (which we call Group 1) always violate IIA, whereas Baldwin, Borda, Coombs, Copeland, Dowdall, and ranked
airs (which we call Group 2) adhere to IIA in some cases. Sen (1979) shows that the remaining PAR, pairwise majority, cannot
iolate IIA but can violate transitivity. Because the PARs in Group 2 never violate any of Arrow’s other conditions, we conclude they
ominate the PARs in Group 1 on these criteria. We then determine the probability that each PAR will violate Arrow’s conditions
sing simulations with three alternatives and preferences distributed according to the impartial culture condition or the impartial
nonymous culture condition. We find that Coombs and ranked pairs are generally least likely among the PARs in Group 2 to violate
IA but pairwise majority is the least likely to violate Arrow’s conditions jointly, because pairwise majority is less likely to violate
ransitivity than the other PARs are to violate IIA. The Pareto condition has a negligible effect. We obtain similar results using
reference distributions from nine U.S. presidential elections and the dual culture condition. Although Arrow’s theorem has been
reated as a barrier that no PAR can overcome (Riker, 1982), our results show the extent to which some PARs are more capable of
ulfilling his conditions than others.

. Arrow’s Theorem

To introduce Arrow’s Theorem we need some notation. Let there be a finite set of alternatives 𝑍 = {𝑎, 𝑏,… , 𝐴} and a fixed set
of individuals 𝑆 = {1, 2,… , 𝑁} in society. We denote an individual’s preference 𝑎 ⪰𝑖 𝑏 if individual 𝑖 prefers 𝑎 at least as much as
𝑏, 𝑎 ≻𝑖 𝑏 if 𝑖 strictly prefers 𝑎 to 𝑏, and 𝑎 ∼𝑖 𝑏 if 𝑖 is indifferent between 𝑎 and 𝑏. We remove subscript 𝑖 for social preferences.

The set of individual preferences is called a preference profile 𝜌. Those preferences are considered ‘‘rational’’ if they are complete
and transitive.1 A preference aggregation rule (PAR) uses 𝜌 to generate a binary preference relation for society that is complete (Austen-
Smith and Banks, 1999). A complete and transitive ranking is known as an ‘‘ordering’’. Transitive social preferences is a condition
that a PAR may or may not produce. Arrow’s theorem addresses whether rational social preferences (the range) can be created from
a set of rational individual preferences (the domain).

There are several statements of Arrow’s theorem. We use the version described by Austen-Smith and Banks (1999), Patty and
Penn (2014), and Penn (2015) because it explicitly lists all of the criteria that a PAR might violate as separate conditions.

1. Unrestricted Domain (U) – The domain of the PAR must include all possible combinations of individual preference orderings.
In other words, the PAR must provide a binary social preference for all possible 𝜌.

2. Transitivity (T) – ∀𝑎, 𝑏, 𝑐 ∈ 𝑍 ∶ if 𝑎 ⪰ 𝑏 and 𝑏 ⪰ 𝑐, then 𝑎 ⪰ 𝑐.
3. Pareto (P) – If everyone strictly prefers a to b, then society must strictly prefer 𝑎 to 𝑏.
4. Independence of Irrelevant Alternatives (IIA) – For all pairs of alternatives 𝑎 and 𝑏, the social ranking of 𝑎 and 𝑏 depends

only on individual preference rankings of 𝑎 and 𝑏. More specifically, if 𝜌1 and 𝜌2 are any two profiles for which each voter
has the same relative ranking of some specified pair, then the societal ranking for this pair is the same for both profiles.2

5. Non-dictatorship (N-D) – There is no individual whose preferences uniquely determine the social ranking of all alternatives,
regardless of how other individuals rank the alternatives.

Arrow’s theorem shows that no PAR can satisfy all five conditions in a society with at least two individuals and at least three
alternatives. Equivalently, the only way to adhere to the first four conditions is to require that all decisions be made by a dictator.

It is important to note that U, T and P are intraprofile conditions, while IIA is an interprofile condition.3 Conditions U, T and P
can be checked within a single profile, but checking IIA for a given profile requires comparing that profile to different potential
profiles. A PAR satisfies IIA if for all 𝜌 and 𝜌′ in which each individual ranks 𝑎 and 𝑏 the same way in both profiles, the social
ranking between 𝑎 and 𝑏 resulting from those profiles are the same regardless of how individuals rank the remaining alternatives.
Violation of this condition indicates the social ranking of a and b is dependent on the rankings of seemingly irrelevant alternatives.

These conditions have different implications. For example, violating T indicates that a social ordering is not possible and social
preferences are inconsistent. P is a fairness condition in the sense that violating it indicates that unanimous agreement is not
respected. Violating IIA indicates that information other than the preferences on a pair affects the ordering of the pair. Furthermore,
under very mild conditions (detailed below), IIA in conjunction with P ensure a PAR is strategy-proof. We will first test for the joint
violation of these conditions in the spirit of Arrow. Because these conditions may not be considered equally important, we will also
test for violations of each condition separately to highlight trade-offs.

1 Individual i’s preferences are complete if and only if ∀𝑎, 𝑏 ∈ 𝑍, 𝑎 ⪰𝑖 𝑏 or 𝑏 ⪰𝑖 𝑎. Completeness assures that individuals can make a pairwise comparison
etween all pairs of alternatives. Individual i’s preferences are transitive if and only if ∀𝑎, 𝑏, 𝑐 ∈ 𝑍, if 𝑎 ⪰𝑖 𝑏 and 𝑏 ⪰𝑖 𝑐, then 𝑎 ⪰𝑖 𝑐.

2 This condition has sometimes been confused with a different version of IIA which requires the social ranking between two alternatives to remain the same
when other alternatives are added to or removed from 𝑍. Although similar in spirit, it is not equivalent. Ray (1973) proves that neither independence condition
implies the other, and that the proof of Arrow’s theorem requires the version of IIA stated here.

3 N-D is also an intraprofile condition but may require the examination of multiple profiles to verify whether there exists an individual whose personal
ranking always matches the social ranking regardless of the rankings of other individuals.
2
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Arrow’s theorem has influenced a variety of other impossibility results. For example, Gibbard (1973) and Satterthwaite (1975)
how that PARs which always select a single ‘‘best’’ element, do not involve a lottery, and adhere to non-dictatorship, must be
ulnerable to strategic voting. Assuming that individual preferences are strict and PARs produce a single ‘‘best’’ element, strategy
roofness from the Gibbard–Satterthwaite theorem is equivalent to IIA and P from Arrow’s theorem (Austen-Smith and Banks,

2005). This makes the two theorems equivalent under these assumptions. Reny (2001) emphasizes the connection by re-deriving
the Arrow and Gibbard–Satterthwaite theorems in side-by-side proofs,4 while Duggan and Schwartz (2000) generalize beyond cases
that require a single ‘‘best’’ element.

Dasgupta and Maskin (2008) present an impossibility theorem using conditions related to Arrow’s but apply them to voting
rules that generate winners rather than complete rankings. They prove pairwise majority jointly satisfies these conditions under a
wider variety of domain restrictions than any other voting rule. Xefteris (2014) extends the result to preference profiles and reaches
similar conclusions regarding the superiority of pairwise majority. What remains unknown is whether pairwise majority outperforms
other PARs by a substantial or trivial margin, how pairwise majority performs on Arrow’s conditions for rankings, and the relative
performance of other PARs with respect to each other. Our analysis addresses these questions, albeit for a limited number of PARs.5

Other authors derive impossibility theorems but use only intraprofile conditions (Kemp and Ng, 1976; Pollak, 1979; Feldman
and Serrano, 2008). They show that there will be a violation of at least one of the stated conditions for every profile. However, such
theorems are not equivalent to Arrow’s theorem because they include ‘‘diversity’’ conditions which restrict the domain to certain
types of preference profiles. Thus a violation can occur strictly due to the profile characteristics, rather than from applying a PAR
to a profile.

3. Preference aggregation rules

To give our study structure, we assume individuals have strict preferences. Although this assumption rules out indifference for
individuals, it allows indifference in social rankings. Arrow’s theorem holds under this assumption.

We consider several PARs representing three broad categories of positional systems, runoff methods, and pairwise rules.
Specifically, we include plurality, anti-plurality, Borda and Dowdall (positional); plurality runoff, Hare, Coombs, Baldwin and Nanson
(runoffs); and Pairwise Majority, Copeland, Simpson–Kramer and ranked pairs (pairwise). Of course, many more PARs exist. Hence,
our analysis is not intended to be the final word on the subject.

1. Plurality – Assign one point to each voter’s first preference. Sum the points across voters and rank alternatives in descending
order of the sums.

2. Anti-Plurality – Assign zero points to each voter’s last preference and one point to all other preferences. Sum the points
across voters and rank alternatives in descending order of the sums.

3. Borda – Assign 𝐴 points to a voter’s first preference, 𝐴− 1 points to a voter’s second preference, . . . , 1 point to a voter’s last
preference. Sum the points across voters and rank alternatives in descending order of the sums.

4. Dowdall – Assign 1 point to a voter’s first preference, 1/2 point to a voter’s second preference, . . . , 1/𝐴 points to a voter’s
last preference. Sum the points across voters and rank alternatives in descending order of the sums.

5. Plurality Runoff – Begin with plurality. Eliminate all alternatives except the two with the most plurality points. Take a
second plurality vote on just those two alternatives and then eliminate the alternative with the fewer plurality points. Rank
alternatives in reverse order of elimination (ensuring the alternative(s) eliminated last is most preferred in the social ranking).

6. Hare (a.k.a., alternative vote) – Begin with plurality. Eliminate the alternative with the fewest plurality points (eliminating all
alternatives that tie for fewest points). Repeat the process on the remaining alternatives until all alternatives are eliminated.
Rank alternatives in reverse order of elimination (ensuring the alternative(s) eliminated last is most preferred in the social
ranking).

7. Coombs – Eliminate the alternative(s) ranked last by the most voters (eliminating all alternatives that tie for most last place
votes). Repeat the process on the remaining alternatives until all alternatives are eliminated. Rank alternatives in reverse
order of elimination (ensuring the alternative(s) eliminated last is most preferred in the social ranking).

8. Baldwin – Begin with Borda. Eliminate the alternative with the fewest Borda points (eliminating all alternatives that tie for
fewest points). Repeat the process on the remaining alternatives until all alternatives are eliminated. Rank alternatives in
reverse order of elimination (ensuring the alternative(s) eliminated last is most preferred in the social ranking).

9. Nanson – Begin with Borda. Eliminate any alternative with points at or below the mean of the Borda points. Repeat the
process on the remaining alternatives until all alternatives are eliminated. Rank alternatives in reverse order of elimination
(ensuring the alternative(s) eliminated last is most preferred in the social ranking).

10. Pairwise Majority – Consider all possible two-alternative comparisons. For any pair of alternatives {𝑎, 𝑏}, 𝑎 is socially
preferred to 𝑏 if more voters prefer 𝑎 to 𝑏; 𝑎 and 𝑏 are socially indifferent if the number of voters who prefer 𝑎 is equal
to the number of voters who prefer 𝑏. Rank alternatives based on the pairwise comparisons.

4 Also see Yu (2013) and Man and Takayama (2013).
5 There are important differences between these two studies and our own. First, they examine voting rules that select winners rather than PARs that produce

ankings. Second, they examine a different set of conditions: Pareto, decisiveness, anonymity, neutrality, and a different version of independence of irrelevant
lternatives. Xefteris (2014) also includes congruity. Third, they assume away the potential for ties, therefore certain types of intransitivities (which might violate
ecisiveness) are excluded from their analysis that are possible in our analysis. For example, the combination of outcomes 𝑎 ≻ 𝑏, 𝑏 ≻ 𝑐, and 𝑎 ∼ 𝑐 is intransitive

but ruled out in their studies because they do not allow for ties. Fourth, because they examine winners and we examine rankings, violations can occur anywhere
throughout the complete ordering of alternatives in our study but violations are limited to cases for which the winner is affected in their studies.
3
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Table 1
Violations of Arrow’s conditions.

PAR T P IIA N-D

Group 1
Anti-Plurality never violates can violate can violate never violates
Hare never violates can violate can violate never violates
Nanson never violates can violate can violate never violates
Plurality never violates can violate can violate never violates
Plurality Runoff never violates can violate can violate never violates
Simpson–Kramer never violates can violate can violate never violates

Group 2
Baldwin never violates never violates can violate never violates
Borda never violates never violates can violate never violates
Coombs never violates never violates can violate never violates
Copeland never violates never violates can violate never violates
Dowdall never violates never violates can violate never violates
Ranked pairs never violates never violates can violate never violates

Pairwise majority can violate never violates never violates never violates

Note. Violations refer to any profile from an unrestricted domain.

11. Copeland – Begin with pairwise majority. For each pair assign one point to the alternative that wins the pairwise comparison
and 1/2 point if they tie. Rank alternatives in descending order of total points.

12. Simpson–Kramer – Begin with pairwise majority. Identify the worst pairwise majority defeat for each alternative in terms
of its vote margin. Rank alternatives in reverse order of the magnitude of the worst defeats.

13. Ranked Pairs – Begin with pairwise majority and sort pairwise preferences in descending order of vote margins. ‘‘Lock in’’
each pair starting with the pair that has the greatest vote margin as long as it does not create a cycle.

or any particular profile 𝜌, a PAR generates a social ranking for which a condition may or may not be met. In the literature, a PAR
s said to satisfy a property only if it holds over all logical profiles of individual preferences (i.e., over an unrestricted domain). It
iolates a property if there exists at least one preference profile in which the property does not hold. Because we are investigating

the likelihood of violations, we use the adjectives ‘‘never’’ and ‘‘always’’ to represent the extremes. We use ‘‘can’’ for those PARs which
do not meet the condition for some profiles but (possibly) do for others. For example, it is well known that Borda never violates
P, pairwise majority can violate T, and dictatorship always violates N-D. Although no PAR satisfies all five of Arrow’s conditions,
which is the point of Arrow’s theorem, there are PARs which satisfy some of his conditions over an unrestricted domain. Table 1
lists those conditions for the PARs studied here. These results are easy to show or can be found in the literature (Nurmi, 1999; Saari,
2008).

The first six PARs comprising Group 1 (anti-plurality, Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer) never
violate T and N-D but examples can be generated which show that they can violate P and IIA over an unrestricted domain. Similarly,
the six PARs in Group 2 (Baldwin, Borda, Coombs, Copeland, Dowdall, and ranked pairs) never violate P, T, and N-D but can violate
IIA. Pairwise majority never violates P, IIA, and N-D but can violate T. We note that both Group 1 and Group 2 contain at least
one PAR from each of the categories for positional, runoff, and pairwise procedures.

We show in the next section that the PARs in Group 1 always violate IIA for every profile in which individual preferences are
trict. Hence, our first result suggests that for the six PARS representing Group 1 in Table 1, column IIA should be changed from
‘can violate’’ to ‘‘always violate’’ when assuming all individuals have strict preferences.

. Theorems

We now prove that certain PARs will always violate IIA regardless of the profile under consideration and distinguish those from
ARs that do not violate IIA for at least one profile. For these results, let 𝑛(𝑥) represent the number of individuals who top rank
lternative 𝑥 in profile 𝜌, and 𝑁 represent the set of all possible preference profiles with strict orderings among 𝑁 individuals.

Theorem 1. For 𝐴 ≥ 3 and 𝑁 ≥ 1, anti-plurality, Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer violate IIA ∀𝜌 ∈ 𝑁 .

Proof. Consider plurality. Let 𝑍 be a finite set of alternatives and 𝑎, 𝑏,… , 𝑧 ∈ 𝑍 be an exhaustive set of those alternatives. For any
profile 𝜌 there exists a labeling of 𝑎, 𝑏,… , 𝑧 such that 𝑛(𝑎) ≥ 𝑛(𝑏)… ≥ 𝑛(𝑧). One of the following cases must occur.

Case 1. 𝑛(𝑎) = 𝑛(𝑧) > 0. In this case, 𝑎 ∼ 𝑧. There must exist at least one individual i for whom a is top ranked. Create a profile 𝜌′

which is identical to 𝜌, except b is top ranked for person i, while (𝑎 ≻′
𝑖 𝑧) ↔ (𝑎 ≻𝑖 𝑧) and (𝑧 ≻′

𝑖 𝑎) ↔ (𝑧 ≻𝑖 𝑎). Thus 𝑛′ (𝑧) > 𝑛′ (𝑎) and
≻′ 𝑎, violating IIA.

ase 2. 𝑛(𝑎) > 𝑛(𝑧). In this case, 𝑎 ≻ 𝑧. Create a profile 𝜌′ in which 𝑛′ (𝑏) = 𝑁 while ∀𝑖 ∈ 𝑆, (𝑎 ≻′
𝑖 𝑧) ↔ (𝑎 ≻𝑖 𝑧) and (𝑧 ≻′

𝑖 𝑎) ↔ (𝑧 ≻𝑖 𝑎).
′ ′ ′
hus 𝑛 (𝑎) = 𝑛 (𝑧) = 0 and 𝑎 ∼ 𝑧, violating IIA.

4
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The proofs for anti-plurality, Hare, and plurality runoff can be shown similarly. The proofs for Nanson and Simpson–Kramer are
resented in Appendix A. □

Theorem 1 suggests that anti-plurality, Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer will violate IIA with a
robability of one for any distribution of strict preferences over at least three alternatives. In other words, for these PARs every
ogically possible profile 𝜌 has at least one corresponding profile 𝜌′ in which every individual maintains their ranking of at least one
air of alternatives yet the social ranking of that pair differs for 𝜌 and 𝜌′. This indicates the ranking derived from 𝜌 for those two
lternatives was not independent of the individual rankings of other alternatives. Thus, it is not that these PARs can violate IIA, but
hey will always violate IIA (given strict preferences and at least three alternatives).

Although Table 1 indicates that Baldwin, Borda, Coombs, Copeland, Dowdall, and ranked pairs can violate IIA, it could be that
they always violate IIA as well. However, this is not the case. Our next theorem shows that any PAR which satisfies Pareto, including
all of Group 2, must be consistent with IIA for at least one preference profile.

Theorem 2. Let 𝛤 be a PAR which satisfies P. Then for any 𝐴 ≥ 1 and 𝑁 ≥ 1, there exists a 𝜌 ∈ 𝑁 such that 𝛤 does not violate IIA
under 𝜌.

Proof. By definition, IIA cannot be violated by any PAR if 𝐴 < 3. For 𝐴 ≥ 3, let 𝑍 = {𝑎, 𝑏,… , 𝑧}. Consider the profile 𝜌∗ in which
∀𝑖 ∈ 𝑆, 𝑎 ≻∗

𝑖 𝑏… ≻∗
𝑖 𝑧. Because 𝛤 satisfies P, the social ranking must be 𝑎 ≻∗ 𝑏… ≻∗ 𝑧. Violating IIA under 𝜌∗ implies there exists

an alternative profile 𝜌′ in which there is at least one pair {𝑥, 𝑦} ⊂ 𝑍 for which everyone has the same individual ranking in both
𝜌∗ and 𝜌′ but the social ranking for the pair differs. Suppose everyone has the same individual ranking in both profiles on the pair
{𝑎, 𝑏}, namely ∀𝑖 ∈ 𝑆, 𝑎 ≻∗

𝑖 𝑏 and 𝑎 ≻′
𝑖 𝑏. Condition P → 𝑎 ≻′ 𝑏 so IIA is not violated by 𝛤 under 𝜌∗ for that pair. The same can be

shown for any pair in 𝑍. □

Combined, Theorems 1 and 2 show that any rule satisfying Pareto is more likely to be consistent with IIA than anti-plurality,
Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer for at least three alternatives, any number of individuals, and strict
preferences. Because the PARs in Group 2 are consistent with IIA in at least one preference profile and will never violate any of
Arrow’s remaining conditions, it follows that they are more likely to respect Arrow’s conditions jointly than the PARs in Group 1.
Since both groups have positional, runoff, and pairwise PARs, the results are not an artifact of those three categories.

Proving distinctions among Group 2 is more challenging. Consider for example Borda, Copeland, and 𝐴 = 3. For 𝑁 = 2 or 3, the
only profiles for which Borda generates a social ranking which adheres to IIA are those in which every voter has identical preferences.
Copeland adheres to IIA if and only if a strict majority has identical preferences. Thus, Borda and Copeland have the same probability
of violating Arrow’s conditions jointly for 𝑁 = 2 (because majority equals unanimity), whereas for 𝑁 = 3 Copeland has a lower
probability of violating IIA than Borda (because a majority is more likely than an unanimity). For 𝑁 > 3 unanimous agreement
on the ranking of every pair is not required for Borda to adhere to IIA. Hence, we are unable to make analytical comparisons for
𝑁 > 3. Similar limitations exist among the other PARs in Group 2. Hence, we continue our analysis using simulations.

5. Simulations

We have established that anti-plurality, Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer (Group 1) always violate
IIA and there is at least one profile for which Baldwin, Borda, Coombs, Copeland, Dowdall, and ranked pairs (Group 2) do not
violate IIA. Hence, the first six PARs are more likely to violate IIA than the latter six PARs over an unrestricted domain. But we
do not know the magnitude of those differences. It could be that across profiles, PARs in Group 2 violate IIA with a probability
just slightly less than one, making the differences between Group 1 and Group 2 inconsequential. Furthermore, we do not know
the relative rates at which PARs in Group 2 violate IIA, nor the difference between the probability that pairwise majority violates
T and the probability that PARs in Group 2 violate IIA.

To examine these differences, we create simulations assuming individuals have strict preferences for three alternatives. Our
simulations are written in R with most functions written in Rcpp to increase processing speed. The simulation starts by randomly
drawing a preference profile 𝜌 for 𝑁 voters from a preference distribution. We examine results from the impartial culture condition
(IC) and the impartial anonymous culture condition (IAC) below. IC assumes each permutation of the 𝐴! strict preference orders are
equally likely. In contrast, IAC assumes each combination of the 𝐴! strict preference orders are equally likely.6

After the program randomly draws a 𝜌, it creates and records social preferences for each of the thirteen PARs, then checks for
violations of P, T, and IIA in that order. A single violation of any one of the conditions is recorded as a failure for that PAR in that
trial, which we keep track of using a counter. We repeat the process for one million trials and report the frequency of violating at
least one of these criteria across trials.7 The program does not check for violations of N-D because none of our PARs can violate
non-dictatorship. Condition U is embedded in the random draw of a profile from the domain of all possible strict profiles.

As mentioned earlier, IIA is the only interprofile condition included by Arrow. As such, for a PAR to satisfy IIA for a given 𝜌,
independence on every pair must hold across the universe of alternative profiles in which preferences on a pair remain fixed. If

6 We generate IAC preferences using the ‘‘broken stick’’ method (Tovey, 1997; Lepelley et al., 2000). The broken stick method assures that preferences are
AC distributed for a large number of iterations of the simulation, but not for any given iteration.

7 With 1 million trials, we are 95% confident that the true probability is within 0.00098 of the frequency reported. Hence, any observable difference between
he reported figures for a given 𝑁 is meaningful at the 95% confidence level.
5
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Table 2
The probability of violating at least one of Arrow’s conditions
(IC & IAC Preferences)

PAR IC distribution IAC distribution

Number of voters (𝑁) Number of voters (𝑁)

3 4 30 100 10,000 3 4 30 100 10,000

Group 1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Baldwin 0.889 0.722 0.998 1.000 1.000 0.786 0.547 0.784 0.770 0.784
Borda 0.972 0.736 1.000a 1.000 1.000 0.893 0.571 0.877 0.865 0.876
Coombs 0.556 0.722 0.995 1.000 1.000 0.357 0.547 0.606 0.622 0.629
Copeland 0.556 0.889 1.000b 1.000 1.000 0.357 0.690 0.785 0.803 0.812
Dowdall 0.889 0.922 1.000c 1.000 1.000 0.786 0.856 0.942 0.952 0.957
Ranked pairs 0.556 0.722 0.995 1.000 1.000 0.357 0.547 0.606 0.622 0.629
Pairwise majority 0.056 0.306 0.174 0.132 0.092 0.036 0.238 0.095 0.072 0.063

aFor IC and 𝑁 = 30, Borda jointly adheres to P, T, and IIA in 137 out of 1 million trials.
bFor IC and 𝑁 = 30, Copeland jointly adheres to P, T, and IIA in 31 out of 1 million trials.
cFor IC and 𝑁 = 30, Dowdall jointly adheres to P, T, and IIA in 14 out of 1 million trials.
Note: Numbers indicate the probability that the PAR violates P, T, or IIA. None of the PARs violate N-D. Trials = 1 million.

here exists at least one 𝜌′ in which individual preferences on 𝑎 and 𝑏 are the same as in 𝜌 but the social ranking between 𝑎 and 𝑏
iffers, the PAR fails IIA and is treated as a violation for that trial.

We develop potential 𝜌′ by first isolating a pair of alternatives for voters to fix their preferences, then uniformly move the third
lternative up one place where possible, then down one place where possible, then up or down (separately) as many places as
ossible. This is done for each pair until a violation is found. If a violation does not occur, the process continues by moving the
ore preferred alternative in the pair up one place, then the less preferred alternative in the pair down one place, then both. These

lterations are tried for each of the three possible pairs until a violation occurs. If no violations are found for any of these passes,
he PAR is deemed to satisfy IIA for that profile 𝜌. Note that we do not replicate every possible 𝜌′ so it is possible that our algorithm
isses a violation. Thus the probabilities of violating IIA reported below should be considered lower bounds. In contrast, P and T

re intraprofile conditions for which there is a precise test, and our reported probabilities should be considered exact (subject to
ampling error). Additional details on the P, T, and IIA functions appear in Appendix B.

The probability of violating at least one of Arrow’s conditions is presented in Table 2. In all of our simulations, anti-plurality,
are, Nanson, plurality, plurality runoff, and Simpson–Kramer performed equivalently.8 Hence, we combine these results under
roup 1 to conserve space. Although these PARs performed equivalently, they did not always produce the same ranking. To see

his consider three individuals: two prefer 𝑎 ≻𝑖 𝑏 ≻𝑖 𝑐 and one prefers 𝑏 ≻𝑖 𝑐 ≻𝑖 𝑎. Plurality ranks the alternatives 𝑎 ≻ 𝑏 ≻ 𝑐 while
nti-plurality ranks them 𝑏 ≻ 𝑎 ≻ 𝑐. Nevertheless, both PARs adhere to P and T and both violate IIA for this profile.

As can be seen from Table 2, pairwise majority is the least likely to violate Arrow’s conditions, while the PARs in Group 1
iolate one or more of his conditions for every profile in the simulation. The latter is consistent with Theorem 1. The PARs in Group
perform somewhere in between.

Violations by pairwise majority range from 3.6% of the profiles (for IAC, 𝑁 = 3) to 30.6% of the profiles (for IC, 𝑁 = 4). In
ost cases, pairwise majority violates one of Arrow’s conditions in less than 10% of the profiles.

Among the PARs in Group 2, Coombs (a runoff procedure) and ranked pairs (a pairwise majority procedure) typically adhere
o Arrow’s conditions more often than the other members of Group 2.9 The differences are most stark for 𝑁 = 3, where Coombs,
opeland, and ranked pairs perform equally well, but outperform the other PARs in Group 2 substantially.

We attain similar results using preference distributions from nine U.S. Presidential elections (see Appendix C) and from various
onfigurations of the dual culture condition (see Appendix D). In those simulations, pairwise majority is the least likely to violate
rrow’s conditions while Coombs or ranked pairs is second best, depending upon the distribution and 𝑁 .

The key to understanding these results is to break them down by criterion.

.1. Pareto

The Pareto criterion has little affect on the results. Table 3 shows the proportion of times that a PAR from Group 1 violates P.
s noted earlier, PARs from Group 2 and pairwise majority never violate Pareto, which can be shown analytically.

The only violations of Pareto in Table 3 were cases of unanimous agreement on all pairs. We now show that if 𝐴 = 3, unanimous
greement on all pairs is necessary for a Pareto violation.10

8 For three alternatives, creating a runoff of the top two as in plurality runoff is effectively the same as creating a runoff by dropping the lowest (third)
nder Hare.

9 Coombs and ranked pairs violate Arrow’s conditions at the same rate in Table 2, but they do not produce the same orderings from each profile. Consider
C for example. For 𝑁 = 3, they produced different orderings in 17% of the profiles. For 𝑁 = 30, they produced different orderings in 33% of the profiles.
10 This result does not generalize beyond 𝐴 = 3. For 𝐴 > 3, unanimous agreement on all pairs is not necessary for a Pareto violation. Furthermore, for a given
rofile 𝜌, some of the PARs in Group 1 may violate P when others do not. For example, suppose 𝑍 = {𝑎, 𝑏, 𝑐, 𝑑} and 𝑁 ≥ 3. Let 𝑗 ∈ 𝑆 such that 𝑎 ≻𝑗 𝑏 ≻𝑗 𝑐 ≻𝑗 𝑑

and ∀𝑖 ≠ 𝑗 ∈ 𝑆, 𝑐 ≻𝑖 𝑏 ≻𝑖 𝑎 ≻𝑖 𝑑. For this profile P requires 𝑎 ≻ 𝑑, 𝑏 ≻ 𝑑, and 𝑐 ≻ 𝑑. The plurality rank is 𝑐 ≻ 𝑎 ≻ 𝑏 ∼ 𝑑 which violates P whereas the
Simpson–Kramer rank is 𝑐 ≻ 𝑎 ∼ 𝑏 ≻ 𝑑 which does not violate P.
6
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Table 3
Probability of violating Pareto.

PAR IC distribution IAC distribution

Number of voters (𝑁) Number of voters (𝑁)

3 4 30 100 10,000 3 4 30 100 10,000

Group 1 0.028 0.005 0.000 0.000 0.000 0.107 0.048 0.000a 0.000 0.000
Group 2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Pairwise majority 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

aFor IAC and 𝑁 = 30, the PARs in Group 1 violate P in 15 out of 1 million trials, which rounds to 0.000.
Note: Numbers in the table indicate the probability that a PAR violates P. The figure depicts the frequency in which all individuals have
the same preferences. Trials = 1 million.

roposition 1. For 𝐴 = 3, the PARs in Group 1 violate P if and only if there is unanimous agreement on all pairs.

roof. Assume 𝑍 = {𝑎, 𝑏, 𝑐}. For any labeling of 𝑎, 𝑏, 𝑐 such that ∀𝑖 ∈ 𝑆, 𝑎 ≻𝑖 𝑏 ≻𝑖 𝑐, the social rank created by any PAR in Group 1
is 𝑎 ≻ 𝑏 ∼ 𝑐, with the exception of anti-plurality for which it is 𝑎 ∼ 𝑏 ≻ 𝑐. Both rankings violate P. To prove P violations only occur
if there is unanimous agreement on all pairs, we start with one pair of alternatives for which there is unanimous agreement11 and
then show unanimous agreement is required on all three pairs.

Suppose the PAR is Simpson–Kramer and everyone strictly prefers a to b. In order to violate P, a PAR must generate 𝑏 ⪰ 𝑎.
Because everyone prefers a to b, the worst-loss for 𝑏 must be of size 𝑁 , the maximum possible, so 𝑏 cannot be ranked strictly above
any other alternative. Hence, 𝑏 ⪰ 𝑎 can only occur if 𝑏 ∼ 𝑎 indicating the worst-loss for 𝑎 is also of size 𝑁 . This implies there exists
another alternative that everyone prefers to 𝑎. As there is only one remaining alternative, it must be the case that for all 𝑖 ∈ 𝑆,
𝑐 ≻𝑖 𝑎 ≻𝑖 𝑏. Similar logic can be applied to the other PARs from Group 1. □

The reason PARs in Group 1 almost never violate P in the simulations for 𝑁 ≥ 30 is that unanimity on all pairs is unlikely to
exist, as shown in the figure beneath the table. Hence, the real difference between pairwise majority and the other PARs for 𝑁 ≥ 30
is their relative performance on T and IIA.

5.2. IIA

The probability of violating IIA is presented in Table 4. The figures in this table are the same as those in Table 2 for Group 1
and Group 2 because Group 1 always violates IIA and Group 2 only violates IIA. For 𝑁 = 3 and the IC or IAC distribution, Coombs,
Copeland, and ranked pairs are the least likely to violate IIA among the PARs in groups 1 and 2. For 𝑁 > 3, Coombs and ranked
pairs are no more likely to violate IIA than the other PARs in groups 1 and 2.

The difference in performance can be quite large. For 𝑁 = 3, Coombs, Copeland, and ranked pairs are 42 to 52 percentage
points less likely to violate IIA than Borda. For 𝑁 ≥ 100 and the IAC distribution, Coombs and ranked pairs are more than 30
percentage points less likely to violate IIA than Dowdall and close to 40 percentage points less likely to violate IIA than the PARs
in Group 1. Therefore, Coombs and ranked pairs might be considered good procedures for those who want to adhere to transitivity
while minimizing conflicts with IIA. People with such tastes should avoid anti-plurality, Hare, Nanson, plurality, plurality runoff,
Simpson–Kramer, and pairwise majority.

It is interesting to note that IIA violations for PARs in Group 2 do not increase monotonically with N except for Coombs and
ranked pairs under IC. See Fig. 1. Those two PARs overlap in the figure. Let �̃� be an even positive integer. For both IC and IAC, the
probability that Copeland violates IIA is greater for �̃� than for its adjacent odd-sized counterparts �̃� − 1 and �̃� + 1. Copeland has

11 Pareto cannot be violated unless there exists at least one pair for which everyone has identical preference.
7
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Table 4
Probability of violating IIA.

PAR IC distribution IAC distribution

Number of voters (𝑁) Number of voters (𝑁)

3 4 30 100 10,000 3 4 30 100 10,000

Group 1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Baldwin 0.889 0.722 0.998 1.000 1.000 0.786 0.547 0.784 0.770 0.784
Borda 0.972 0.736 1.000a 1.000 1.000 0.893 0.571 0.877 0.865 0.876
Coombs 0.556 0.722 0.995 1.000 1.000 0.357 0.547 0.606 0.622 0.629
Copeland 0.556 0.889 1.000b 1.000 1.000 0.357 0.690 0.785 0.803 0.812
Dowdall 0.889 0.922 1.000c 1.000 1.000 0.786 0.856 0.942 0.952 0.957
Ranked pairs 0.556 0.722 0.995 1.000 1.000 0.357 0.547 0.606 0.622 0.629
Pairwise majority 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

aFor IC and 𝑁 = 30, Borda adheres to IIA in 137 out of 1 million trials.
bFor IC and 𝑁 = 30, Copeland adheres to IIA in 31 out of 1 million trials.
cFor IC and 𝑁 = 30, Dowdall adheres to IIA in 14 out of 1 million trials.
Note: Numbers indicate the probability that the PAR violates IIA for the distribution specified. Trials = 1 million.

Fig. 1. The Frequency of IIA violations by 𝑁 .

a greater probability of violating IIA for 𝑁 even than for adjacent 𝑁 odd because ties are possible for 𝑁 even but not for 𝑁 odd.
or 𝐴 = 3 and 𝑁 odd, Copeland must either create a strict social ranking (when pairwise majority is transitive) or make society
ndifferent between all three alternatives (when pairwise majority is not transitive). Even-sized populations allow for all possible
ocial rankings, which increases the opportunity for an IIA violation. As noted earlier, visual inspection also reveals that Copeland
ill not violate IIA in any profile for which a strict majority of voters have identical preference rankings. Patterns for the other
ARs are more complicated and not easily explained.

.3. Transitivity

The probability that pairwise majority violates T is reported in Table 5. Because pairwise majority only violates T, these figures
re the same as those reported for pairwise majority in Table 2. As previously noted, the remaining twelve PARs never violate T.

For 𝐴 = 3, the probability that pairwise majority violates transitivity for �̃� even is greater than for its adjacent counterparts
̃ − 1 and �̃� + 1, similar to the result we found for IIA and Copeland. This highlights the importance of allowing ties in social
references.12

. Conclusion

A few lessons seem obvious. The Pareto condition conflicts with transitivity, independence of irrelevant alternatives, and non-
ictatorship over an unrestricted domain. Arrow’s theorem shows this must be the case. However, the likelihood of violating the
areto condition greatly diminishes as the number of voters increases. For 𝑁 ≥ 30, condition P is rarely violated because Pareto
referred alternatives rarely exist.

Because Theorem 1 shows anti-plurality, Hare, Nanson, plurality, plurality runoff, and Simpson–Kramer must violate IIA for any
roup facing at least three alternatives and Theorem 2 shows that there will always be a profile in which Baldwin, Borda, Coombs,

12 Our transitivity results are the same as Gehrlein’s (1994) analytical derivations (see his Table I, column 𝑃3(𝑛) and Table II column 𝑄3(𝑛)). Our results also
match figures from Niemi and Weisberg (1968) who report IC results for 𝑁 odd only. See Gehrlein (2002) for non-monotonic relationships between transitivity
and 𝑁 .
8
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Table 5
The probability of violating transitivity.

PAR IC distribution IAC distribution

Number of voters (𝑁) Number of voters (𝑁)

3 4 30 100 10,000 3 4 30 100 10,000

Group 1 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Group 2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Pairwise Majority 0.056 0.306 0.174 0.132 0.092 0.036 0.238 0.095 0.072 0.063

Note: Numbers indicate the probability that pairwise majority violates T. None of the other PARs studied violate T. Trials = 1 million.

Copeland, Dowdall, and ranked pairs are consistent with IIA (the only Arrow condition they can violate), the latter group of PARs
ominate the former on the set of conditions required by Arrow. Our simulations show that these differences can be quite substantial.

Pairwise majority is the only PAR we examined that cannot violate IIA. Noting that some voting rules violate T while others
iolate IIA is not new (Nurmi, 1999; Saari, 2008). What is new about our study is that it allows PARs to perform differently on
hose two conditions, while providing a means for comparison. The traditional response to Arrow’s theorem is to omit at least one of
is conditions and choose a PAR that satisfies the remaining conditions (and possibly other conditions). This rules out certain PARs
rom further consideration. Rather than limit the possible PARs to only those which never violate desired conditions, our approach
akes advantage of the fact that many PARs can violate Arrow’s conditions for some preference profiles but not for all of them. This
llows us to differentiate PARs that frequently violate Arrow’s conditions from those that rarely do.

T violations prevent society from establishing a coherent ordering of the alternatives. IIA violations imply that social preferences
epend on seemingly irrelevant individual preferences and have been closely connected to failures of strategy-proofness. For many
cholars T violations are more problematic than IIA violations. Yet it is important to consider the relative likelihood of a violation in
ddition to its severity. Our analysis suggests that even those who consider T violations more severe might have reason to support
airwise majority, because the probability of violating T using pairwise majority is much smaller than the probability of violating
IA using Coombs for example. In considering pairwise majority versus Coombs, then, society faces a tradeoff between a low risk
f a critical problem versus a higher risk of a lesser problem.

Future research might expand our simulations to more than three alternatives where transitivity violations are more common.
ith more than three alternatives intransitivity can involve a subset of the alternatives and thus the probability of violating T

omewhere in the ranking can only increase. There would also be an opportunity for more IIA violations. Simulations could also be
pplied to other sets of normative conditions that are jointly incompatible.

Just as the second law of thermodynamics suggests that one cannot build a perfectly efficient engine, Arrow’s Impossibility
heorem suggests that there is no perfect voting rule that will always satisfy Arrow’s conditions for all preference profiles. As Arrow
tated, ‘‘my theorem is not a completely destructive or negative feature any more than the second law of thermodynamics means
hat people don’t work on improving the efficiency of engines. We’re told you’ll never get 100% efficient engines. That’s a fact –
nd a law. It doesn’t mean you wouldn’t like to go from 40% to 50%’’ (quoted in COMPAC, 2009, 358). The probabilistic approach
s one way to improve the efficiency of the voting engine. It allows us to recognize that some PARs are less likely to violate Arrow’s
onditions than others and offers a new way to choose among their flaws.
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The authors declare that they have no known competing financial interests or personal relationships that could have appeared
o influence the work reported in this paper.

ppendix A

Proving that Nanson always violates IIA for 𝐴 ≥ 3 and 𝑁 ≥ 1 requires two lemmas.

emma 1. For 𝐴 = 3, 𝑁 ≥ 1, and ∀𝑥 such that 𝑛(𝑥) = 0, Nanson yields 𝑎 ⪰ 𝑥 for all 𝑎 ∈ 𝑍.

roof. If no one ranks 𝑥 first, then 𝑥 does best by being ranked second by everyone. This implies a maximum Borda score of 𝑁 for
, which is the average Borda score possible. Thus, under the constraint of n(x) = 0, 𝑥 would be eliminated in the first round. □

Lemma 2. For 𝐴 = 3 and 𝑁 ≥ 1, Nanson always violates IIA ∀𝜌 ∈ 𝑁 .

Proof. Let 𝑍 = {𝑥, 𝑦, 𝑧}. By the completeness and transitivity of Nanson’s Rule, there exists a labeling of 𝑥, 𝑦, 𝑧 for any 𝜌 with 𝐴 = 3
such that one of the following social orders must exist:

Case 1. 𝑥 ≻ 𝑦 ⪰ 𝑧. Now create a 𝜌′ such that ∀𝑖 ∈ 𝑆, (𝑥 ≻′
𝑖 𝑦) ↔ (𝑥 ≻𝑖 𝑦), (𝑦 ≻′

𝑖 𝑥) ↔ (𝑦 ≻𝑖 𝑥), and 𝑛′ (𝑧) = 𝑁 . By implication of
emma 1, 𝑥 ∼′ 𝑦. Thus a violation of IIA.

Case 2. 𝑥 ⪰ 𝑦 ≻ 𝑧. Now create a 𝜌′ such that ∀𝑖 ∈ 𝑆, (𝑦 ≻′
𝑖 𝑧) ↔ (𝑦 ≻𝑖 𝑧), (𝑧 ≻′

𝑖 𝑦) ↔ (𝑧 ≻𝑖 𝑦), and 𝑛′ (𝑥) = 𝑁 . By implication of
emma 1, 𝑦 ∼′ 𝑧. Thus a violation of IIA.

Case 3. 𝑥 ∼ 𝑦 ∼ 𝑧. In this case the Borda scores for all alternatives must be 𝑁 . Without loss of generality, denote voter
’s preference ranking as 𝑥 ≻1 𝑦 ≻1 𝑧. Now create a 𝜌′ identical to 𝜌 except for 𝑦 ≻′

1 𝑥 ≻′

1 𝑧. The Borda scores from 𝜌′ are
′
= 𝑁 + 1, 𝑧 = 𝑁, 𝑥 = 𝑁 − 1 so 𝑧 and 𝑥 are eliminated in the first round. Thus 𝑦 ≻ 𝑧, which violates IIA. □

9
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Theorem 3. For 𝐴 ≥ 3 and 𝑁 ≥ 1, Nanson violates IIA ∀𝜌 ∈ 𝑁 .

roof. Let 𝐴𝑟 be the number of alternatives in round 𝑟 of Nanson elimination. The average number of Borda points possible in
ound r is 1

2 (𝐴𝑟 − 1)𝑁 . Furthermore, let 𝑟∗ be the last round in which 𝐴𝑟 > 3, 𝑍𝑟 be the set of alternatives in round 𝑟, and 𝜂(𝑥 ≻𝑖 𝑦)
e the number of individuals who prefer 𝑥 ≻𝑖 𝑦.

Case 1. There exists a round with 𝐴𝑟 = 3. If 𝐴 = 3, Lemma 2 follows directly. If 𝐴 > 3, there exists an 𝑟∗ such that 𝐴𝑟∗+1 = 3
nd one of the three cases described in the proof of Lemma 2 must apply. Now create the appropriate 𝜌′ as described in that case.
enerically, refer to the alternative moved up in 𝜌′ as 𝑢. If 𝑍 ′

𝑟∗+1 = 𝑍𝑟∗+1, then the same IIA violation occurs as in the proof of
emma 2. If 𝑍 ′

𝑟∗+1 ≠ 𝑍𝑟∗+1, then there must be at least one alternative 𝑣 ≠ 𝑢 that was eliminated in an earlier round in 𝜌′ than it
as eliminated in 𝜌, so there must exist at least one other alternative 𝑤 ≠ 𝑢, 𝑣 such that 𝑣 ≻ 𝑤 and 𝑤 ⪰′ 𝑣, thus violating IIA.

Case 2. There does not exist a round with 𝐴𝑟 = 3, meaning there exists an 𝑟∗ with 𝐴𝑟 > 3 in which at least two alternatives
𝑥, 𝑦 ∈ 𝑍𝑟∗ are eliminated, implying 𝑥 ∼ 𝑦. One of the following sub-cases must be true:

1. [𝜂(𝑥 ≻𝑖 𝑦) > 𝜂(𝑦 ≻𝑗 𝑥)] or [𝜂(𝑦 ≻𝑗 𝑥) > 𝜂(𝑥 ≻𝑖 𝑦)]. Suppose it is the former. Create a profile 𝜌′ which is the same as 𝜌 except 𝑥
is top ranked ∀𝑖 ∈ 𝑆 in which 𝑥 ≻𝑖 𝑦. Now 𝑥 must receive more than the average number of Borda points in every round for
𝜌′ , implying 𝑥 ≻′ 𝑦 and violating IIA.

2. [𝜂(𝑥 ≻𝑖 𝑦) = 𝜂(𝑦 ≻𝑗 𝑥) and at least one 𝑗 does not bottom rank 𝑥 in 𝑍𝑟∗], or [𝜂(𝑥 ≻𝑖 𝑦) = 𝜂(𝑦 ≻𝑗 𝑥) and at least one 𝑖 does
not bottom rank 𝑦 in 𝑍𝑟∗]. Suppose it is the former. Create a profile 𝜌′ which is the same as 𝜌 except 𝑥 is top ranked ∀𝑖 ∈ 𝑆
in which 𝑥 ≻𝑖 𝑦. If 𝑍𝑟∗ = 𝑍 ′

𝑟∗ , then 𝑥 must now receive more than the average number of Borda points in round 𝑟∗ for 𝜌′ ,
implying 𝑥 ≻′ 𝑦 and violating IIA. If 𝑍𝑟∗ ≠ 𝑍 ′

𝑟∗ , then top ranking 𝑥 must have caused the elimination of some alternative
𝑣 ≠ 𝑥 in an earlier round in 𝜌′ than in 𝜌. Thus there must exist at least one other alternative 𝑤 ≠ 𝑥, 𝑣 such that 𝑣 ≻ 𝑤 and
𝑤 ⪰′ 𝑣, violating IIA.

3. 𝜂(𝑥 ≻𝑖 𝑦) = 𝜂(𝑦 ≻𝑗 𝑥), all 𝑖 ∈ 𝑆 bottom rank 𝑦 ∈ 𝑍𝑟∗ , and all 𝑗 ∈ 𝑆 bottom rank 𝑥 ∈ 𝑍𝑟∗ . One of the following sub-subordinate
cases must be true:

(a) ∃𝑤 ∶ 𝑤 ∼ 𝑥 ∼ 𝑦 in round 𝑟∗. If so, then the number of voters 𝑘 for which 𝑤 ≻𝑘 𝑦 must be at least 𝑁∕2. Create profile
𝜌′ such that 𝑤 is top ranked ∀𝑘 in which 𝑤 ≻𝑘 𝑦. Now 𝑤 must receive more than the average number of Borda points
in all rounds up to and including 𝑟∗ for 𝜌′ , implying 𝑤 ≻′ 𝑦 and violating IIA (if 𝑥 or 𝑦 are eliminated prior to round
𝑟∗ in 𝜌′ , IIA is also violated).

(b) ∄𝑤 ∶ 𝑤 ∼ 𝑥 ∼ 𝑦 in round 𝑟∗. In which case, 𝐴𝑟∗ = 4. Denote 𝑍𝑟∗+1 = {𝑎, 𝑏}. Thus 𝑎 ≻ 𝑥 and 𝑏 ≻ 𝑥. Create a profile 𝜌′

such that 𝑦 is top ranked for all voters. If 𝑍𝑟∗ = 𝑍 ′
𝑟∗ , then it is not possible for both 𝑎 and 𝑏 to exceed the threshold

of 1
2 (𝐴𝑟 − 1)𝑁 = 3𝑁∕2 to stave off elimination in round 𝑟∗ because the maximum number of Borda points in round 𝑟∗

from profile 𝜌′ for 𝑎 and 𝑏 combined is 3𝑁 . So either 𝑎 ∼′ 𝑥 or 𝑏 ∼′ 𝑥, thereby violating IIA. If 𝑍𝑟∗ ≠ 𝑍 ′
𝑟∗ , then top

ranking 𝑦 must have caused the elimination of some alternative 𝑣 ≠ 𝑦 in an earlier round in 𝜌′ than in 𝜌 so that there
must exist at least one other alternative 𝑤 ≠ 𝑦, 𝑣 such that 𝑣 ≻ 𝑤 and 𝑤 ⪰′ 𝑣, thus violating IIA. □

Theorem 4. For 𝐴 ≥ 3 and 𝑁 > 1, Simpson–Kramer violates IIA ∀𝜌 ∈ 𝑁 .

Proof. Let the size of 𝑥’s largest defeat among all potential pairwise majority contests be denoted 𝛼𝑥, so that 𝛼𝑥 = max
∀𝑦≠𝑥

[𝜂(𝑦 ≻𝑖

) − 𝜂(𝑥 ≻𝑖 𝑦)]. Note 𝑁 ≥ 𝛼𝑥 ≥ −𝑁 . In addition, the set of alternatives which defeat x by the largest margin is denoted as 𝛺𝑥, where
𝑥 ⊂ 𝑍 such that 𝑤 ∈ 𝛺𝑥 ↔ 𝑤 = argmax

∀𝑦≠𝑥
[𝜂(𝑦 ≻𝑖 𝑥) − 𝜂(𝑥 ≻𝑖 𝑦)]. Finally, let 𝑎, 𝑏,… , 𝑧 ∈ 𝑍 be an exhaustive set of the alternatives

contained in Z. For any profile 𝜌 there exists a labeling of 𝑎, 𝑏,… , 𝑧 such that 𝛼𝑎 ≤ 𝛼𝑏 … ≤ 𝛼𝑧.
One of the following cases must occur.

Case 1. 𝛼𝑎 < 𝛼𝑧. In this case, 𝑎 ≻ 𝑧. Create a profile 𝜌′ where 𝑛′ (𝑏) = 𝑁 while ∀𝑖 ∈ 𝑆, (𝑎 ≻′
𝑖 𝑧) ↔ (𝑎 ≻𝑖 𝑧) and (𝑧 ≻′

𝑖 𝑎) ↔ (𝑧 ≻𝑖 𝑎).
Because everyone in profile 𝜌′ ranks b first, [𝜂(𝑏 ≻′

𝑖 𝑎) − 𝜂(𝑎 ≻′
𝑖 𝑏)] = [𝜂(𝑏 ≻′

𝑖 𝑧) − 𝜂(𝑧 ≻′
𝑖 𝑏)] = 𝑁 . This implies 𝛼′

𝑎 = 𝛼′
𝑧 and 𝑎 ∼′ 𝑧,

violating IIA.

Case 2. 𝛼𝑎 = 𝛼𝑧. In this case, 𝑎 ∼ 𝑧. Note for this case there cannot be unanimous preference agreement on any pair.13 In addition,
because all worst defeats are the same size, the ordering of 𝑎, 𝑏,… 𝑧 in the labeling of the various 𝛼𝑥 is irrelevant. Thus there exists
a labeling of 𝑎, 𝑏,… , 𝑧 such that 𝑏 ∈ 𝛺𝑧 and because there cannot be unanimous agreement on any pair, there must exist at least
one individual j such that 𝑧 ≻𝑗 𝑏. This implies ∃𝑎 ∈ 𝑍 for which one of the following subcases must be true:

1. 𝑎 ≻𝑗 𝑧 ≻𝑗 𝑏. For this case, create a profile 𝜌′ where 𝑎 ≻′
𝑗 𝑏 ≻′

𝑗 𝑧 while ∀𝑦 ≠ 𝑎 and ∀𝑖 ∈ 𝑆, (𝑎 ≻′
𝑖 𝑦) ↔ (𝑎 ≻𝑖 𝑦) and

(𝑦 ≻′
𝑖 𝑎) ↔ (𝑦 ≻𝑖 𝑎). Then the size of z’s worst loss is greater in 𝜌′ than in 𝜌 but there are no changes to a’s pairwise

comparisons. Thus, 𝛼′
𝑧 > 𝛼𝑧 = 𝛼𝑎 = 𝛼′

𝑎. Hence, 𝑎 ≻′ 𝑧 violating IIA.
2. 𝑧 ≻𝑗 𝑏 ≻𝑗 𝑎. For this case, create a profile 𝜌′ where 𝑏 ≻′

𝑗 𝑧 ≻′
𝑗 𝑎 while ∀𝑦 ≠ 𝑎 and ∀𝑖 ∈ 𝑆, (𝑎 ≻′

𝑖 𝑦) ↔ (𝑎 ≻𝑖 𝑦) and
(𝑦 ≻′

𝑖 𝑎) ↔ (𝑦 ≻𝑖 𝑎). Then the size of z’s worst loss is greater in 𝜌′ than in 𝜌 but there are no changes to a’s pairwise
comparisons. Thus, 𝛼′

𝑧 > 𝛼𝑧 = 𝛼𝑎 = 𝛼′
𝑎. Hence, 𝑎 ≻′ 𝑧 violating IIA.

13 Unanimous agreement on at least one pair would imply ∃𝑥 ∈ 𝑍 such that 𝛼 = 𝑁 , which for this case then requires ∀𝑦 ∈ 𝑍, 𝛼 = 𝑁 , which is not possible.
𝑥 𝑦

10
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3. 𝑧 ≻𝑗 𝑎 ≻𝑗 𝑏. One of the following sub-subordinate cases must be true.

(a) 𝑏 ∈ 𝛺𝑎. For this case, create a profile 𝜌′ where 𝑧 ≻′
𝑗 𝑏 ≻′

𝑗 𝑎 while ∀𝑦 ≠ 𝑧 and ∀𝑖 ∈ 𝑆, (𝑧 ≻′
𝑖 𝑦) ↔ (𝑧 ≻𝑖 𝑦) and

(𝑦 ≻′
𝑖 𝑧) ↔ (𝑦 ≻𝑖 𝑧). Then the size of a’s worst loss is greater in 𝜌′ than in 𝜌 but there are no changes to z’s pairwise

comparisons. Thus, 𝛼′
𝑎 > 𝛼𝑎 = 𝛼𝑧 = 𝛼′

𝑧. Hence, 𝑧 ≻′ 𝑎 violating IIA.
(b) 𝑏 ∉ 𝛺𝑎. For this case, create a profile 𝜌′ where 𝑏 ≻′

𝑗 𝑧 ≻′
𝑗 𝑎 while ∀𝑦 ≠ 𝑎, 𝑏, (𝑎 ≻′

𝑗 𝑦) ↔ (𝑎 ≻𝑗 𝑦) and (𝑦 ≻′
𝑗 𝑎) ↔ (𝑦 ≻𝑗 𝑎),

and also ∀𝑖 ≠ 𝑗 ∈ 𝑆 and ∀𝑦 ≠ 𝑎, (𝑎 ≻′
𝑖 𝑦) ↔ (𝑎 ≻𝑖 𝑦) and (𝑦 ≻′

𝑖 𝑎) ↔ (𝑦 ≻𝑖 𝑎). Then the size of z’s worst loss is greater in
𝜌′ than in 𝜌 but the size of a’s worst loss remains the same. Thus, 𝛼′

𝑧 > 𝛼𝑧 = 𝛼𝑎 = 𝛼′
𝑎. Hence, 𝑎 ≻′ 𝑧 violating IIA. □

Appendix B

This appendix describes the Pareto, transitivity, and IIA functions used in the simulations.
The Pareto function loops through each pair of alternatives and determines whether there is a pair in which everyone strictly

prefers one alternative to another. If there is such a pair, the program checks whether the PAR creates social preferences with the
same binary ranking on the pair. If it does not, a failure is recorded for that PAR and the program moves that particular PAR to the
next trial. If there does not exist a Pareto preferred alternative for the 𝜌 drawn, or the PAR respects P for all pairs in 𝜌, the PAR is
treated as successfully passing the Pareto condition for that profile and moves to the transitivity function.

The transitivity function determines whether there exists any type of transitive relationship in the social preferences for each
PAR separately.14 If the ranking produced by a PAR is not transitive, the failure of the PAR is recorded and the program moves
that particular PAR to the next trial. If the ranking is transitive, the program treats the PAR as successfully passing the transitivity
condition for that preference profile and moves to an evaluation of IIA.

The IIA function first designates two of the alternatives as the ‘‘exalted pair’’.15 It then moves the third alternative up in all of the
individual preference orders by one position, determines if social preferences changed for that exalted pair, then moves the third
alternative up by two positions for all individuals and determines if there was a change in social preferences for the exalted pair. It
then moves the third alternative down one and two positions similarly.16

After completing these moves, the function makes similar moves for one of the alternatives in the exalted pair, moving it up one
position (and down one position) in separate passes. It then does the same for the other alternative in the exalted pair. Finally, the
function simultaneously moves the more preferred alternative in the exalted pair down one and the less preferred alternative in the
exalted pair up one wherever possible.17 In each case, we make sure that the switch does not change the order of the exalted pair
for any voter.

We repeat the process for all possible exalted pairs. If a PAR encounters any change in the social ranking of an exalted pair, the
program counts the trial as a failure for the PAR and terminates the trial. A PAR passes the IIA condition only if it produces the
same social ranking for the exalted pair in every reconfiguration of 𝜌 considered and for all possible exalted pairs.

It is important to note that our evaluation of P and T are exact, in the sense that we know for certain whether a specified PAR
violates one or both those criteria for a specific 𝜌. However, our evaluation of IIA is not exact because there is a large number of
possible switches of irrelevant pairs that could potentially affect the ordering of an exalted pair.18 Instead of trying to loop through
each possible switch, we try to aggressively violate the independence condition using the described algorithm. Our algorithm will
not find IIA violations that do not exist. Hence, it cannot make a type I error. But it could make a type II error by failing to find an
IIA violation that does exist. Thus, the IIA probabilities reported should be considered lower bounds.19

Appendix C

This appendix describes simulation results based on preference distributions from U.S. Presidential elections. We derive these
preferences from feeling thermometers reported by the American National Elections Study (ANES). We include all years in which

14 Transitive relationships can be either
strict ∀𝑎, 𝑏, 𝑐 ∶ (𝑎 ≻𝑖 𝑏 & 𝑏 ≻𝑖 𝑐) → 𝑎 ≻𝑖 𝑐,
indifferent ∀𝑎, 𝑏, 𝑐 ∶ (𝑎 ∼𝑖 𝑏 & 𝑏 ∼𝑖 𝑐) → 𝑎 ∼𝑖 𝑐, or
a mix of the two ∀𝑎, 𝑏, 𝑐 ∶ (𝑎 ∼𝑖 𝑏 & 𝑏 ≻𝑖 𝑐) → 𝑎 ≻𝑖 𝑐.

15 By ‘‘exalted pair’’ we mean the pair of alternatives that is not supposed to switch in the social preferences when the ordering of irrelevant pairs are switched
n individual preferences.
16 The alternative we move may not change the same number of positions for each voter. For example, if an alternative is already at the top (resp., bottom)
f a preference order for some voter, it will not move for that voter if we are trying to move it up (resp., down).
17 Suppose the exalted pair is {𝑎, 𝑏} and 𝑎 ≻ 𝑏 according to the PAR. For the preference order 𝑎 ≻𝑖 𝑐 ≻𝑖 𝑏, we could either move 𝑎 down or 𝑏 up one position.

In those cases, we consider both moves in separate passes.
18 With at least one individual maintaining each of the six strict preference orders and 𝐴 = 3, there would be 378 possible switches to consider in each trial
f the simulation — more if people with the same preferences switched differently. Here 378 = 3 ⋅ 2 ⋅

∑𝐴!
𝑖=1

(𝐴!
𝑖

)

, where 𝑖 is the number of strict preference orders
that could contain a switch, 𝐴 = 3 is the number of alternatives, 2 is the number of possible movements of the irrelevant alternatives in a particular preference
order, and 3 is the number of possible exalted pairs.

19 We also considered limiting comparison profiles to only ‘‘small’’ changes, which we define as allowing alternatives to only move one position and only one
column at a time. The probability of violating this criterion is fairly similar, albeit slightly smaller. Results from these simulations are available upon request.
11
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Table 6
Distribution of preferences from nine ANES surveys.

Year DRI DIR RDI RID IDR IRD
𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6

1968 0.411 0.044 0.349 0.088 0.029 0.080
1972 0.148 0.140 0.251 0.425 0.015 0.022
1976 0.242 0.227 0.242 0.226 0.039 0.024
1980 0.178 0.163 0.214 0.300 0.080 0.066
1992 0.200 0.295 0.166 0.160 0.105 0.074
1996 0.367 0.213 0.119 0.204 0.043 0.055
2000 0.155 0.263 0.130 0.337 0.085 0.030
2004 0.123 0.317 0.189 0.320 0.034 0.016
2016 0.075 0.325 0.080 0.309 0.103 0.108

Table 7
The probability of violating at least one of Arrow’s conditions
(Preference Distributions from Nine U.S. Presidential Elections).

1968 1972 1976

Number of voters (𝑁) Number of voters (𝑁) Number of voters (𝑁)

PAR 3 4 30 100 10,000 3 4 30 100 10,000 3 4 30 100 10,000

G 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BA 0.556 0.379 0.301 0.297 0.939 0.844 0.560 0.969 0.998 1.000 0.852 0.619 0.881 0.979 1.000
BC 0.887 0.503 0.960 0.999 1.000 0.901 0.568 0.984 0.999 1.000 0.948 0.640 0.992 1.000b 1.000
C 0.305 0.495 0.581 0.814 1.000 0.340 0.498 0.724 0.885 1.000 0.438 0.603 0.942 0.999 1.000
CL 0.305 0.670 0.851 0.971 1.000 0.340 0.648 0.845 0.947 1.000 0.438 0.794 0.998 1.000 1.000
D 0.556 0.773 0.872 0.982 1.000 0.844 0.874 0.997 1.000b 1.000 0.852 0.876 0.990 1.000b 1.000
R 0.305 0.379 0.581 0.814 1.000 0.340 0.560 0.724 0.885 1.000 0.438 0.619 0.942 0.999 1.000
M 0.014 0.096 0.000a 0.000 0.000 0.010 0.143 0.000 0.000a 0.000 0.021 0.190 0.002 0.000 0.000

1980 1992 1996

Number of voters (𝑁) Number of voters (𝑁) Number of voters (𝑁)

PAR 3 4 30 100 10,000 3 4 30 100 10,000 3 4 30 100 10,000

G 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BA 0.877 0.664 0.984 1.000b 1.000 0.875 0.672 0.988 1.000b 1.000 0.851 0.593 0.732 0.559 0.001
BC 0.952 0.676 0.997 1.000b 1.000 0.956 0.685 0.996 1.000b 1.000 0.931 0.605 0.906 0.896 1.000
C 0.482 0.646 0.938 0.998 1.000 0.499 0.660 0.936 0.996 1.000 0.417 0.565 0.645 0.611 0.897
CL 0.482 0.817 0.993 1.000b 1.000 0.499 0.831 0.995 1.000b 1.000 0.417 0.749 0.953 0.998 1.000
D 0.876 0.898 0.999 1.000 1.000 0.874 0.904 1.000c 1.000 1.000 0.851 0.857 0.941 0.970 1.000
R 0.482 0.664 0.938 0.998 1.000 0.499 0.672 0.936 0.996 1.000 0.417 0.593 0.645 0.611 0.897
M 0.039 0.250 0.036 0.001 0.000 0.042 0.259 0.043 0.001 0.000 0.028 0.213 0.008 0.000a 0.000

2000 2004 2016

Number of voters (𝑁) Number of voters (𝑁) Number of voters (𝑁)

PAR 3 4 30 100 10,000 3 4 30 100 10,000 3 4 30 100 10,000

G 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BA 0.885 0.668 0.997 1.000 1.000 0.888 0.645 0.992 1.000b 1.000 0.845 0.664 0.985 1.000b 1.000
BC 0.937 0.674 0.998 1.000 1.000 0.927 0.649 0.999 1.000b 1.000 0.933 0.677 0.998 1.000b 1.000
C 0.431 0.653 0.914 0.991 1.000 0.380 0.618 0.939 0.999 1.000 0.428 0.669 0.882 0.987 1.000
CL 0.431 0.782 0.978 1.000c 1.000 0.380 0.741 0.976 1.000 1.000 0.428 0.786 0.977 1.000b 1.000
D 0.885 0.904 1.000b 1.000 1.000 0.888 0.894 0.999 1.000b 1.000 0.845 0.913 1.000c 1.000 1.000
R 0.431 0.668 0.914 0.991 1.000 0.380 0.645 0.939 0.999 1.000 0.428 0.664 0.882 0.987 1.000
M 0.033 0.270 0.114 0.043 0.000 0.014 0.221 0.015 0.000 0.000 0.031 0.270 0.148 0.090 0.000

aIn these cases pairwise majority violates P, T, and IIA jointly in fewer than 261 out of 1 million trials, which rounds to 0.000.
bIn these cases the PAR is consistent with P, T, and IIA jointly in fewer than 250 out of 1 million trials, which rounds to 1.000.
cIn these cases the PAR is consistent with P, T, and IIA jointly in fewer than 411 out of 1 million trials, which rounds to 1.000.
Notes: G (Group 1), BA (Baldwin), BC (Borda), C (Coombs), CL (Copeland), D (Dowdall), R (ranked pairs) and M (pairwise majority). Numbers indicate the
probability that the PAR violates P, T, or IIA. Trials = 1 million.

the ANES asked respondents to complete a feeling thermometer for at least three candidates in the general election. This occurred
nine times between 1968 and 2016.20 For each separate year, we calculate the proportion of respondents with each strict preference
ordering for the Democrat, Republican, and Independent candidates, then use these proportions as weights for each of our strict

20 Feeling thermometers ask respondents to place candidates on a 0 to 100 scale. We assume respondents rank more preferred candidates higher on the scale.
n 2000, the ANES asked respondents to fill out feeling thermometers on two separate occasions – one with three and one with four candidates. We used the
ne with three candidates (Gore, Bush, Nader). In 2016, the ANES asked respondents to fill out feeling thermometers for four candidates. We excluded Stein
ecause more respondents ‘‘refused to rank’’ or ‘‘didn’t know where to rate’’ Stein than any other candidate, and because more respondents could strictly order
linton, Trump, and Johnson than any other triple.
12
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Table 8
The probability of violating at least one of Arrow’s conditions
(DC Preferences).

Probability of orderings 3 voters 10,000 voters

𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 BA BC C CL D R M BA BC C CL D R M

0.0 0.5 0.0 0.5 0.0 0.0 0.750 0.750 0.000 0.000 0.750 0.000 0.000 1.000 1.000 0.008 0.008 1.000 0.008 0.000
0.0 0.4 0.1 0.4 0.1 0.0 0.810 0.870 0.239 0.239 0.810 0.239 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.0 0.3 0.2 0.3 0.2 0.0 0.840 0.930 0.360 0.360 0.840 0.360 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.0 0.2 0.3 0.2 0.3 0.0 0.840 0.930 0.360 0.360 0.840 0.360 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.0 0.1 0.4 0.1 0.4 0.0 0.809 0.870 0.240 0.240 0.809 0.240 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.1 0.4 0.0 0.4 0.0 0.1 0.810 0.870 0.240 0.240 0.810 0.240 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.1 0.3 0.1 0.3 0.1 0.1 0.864 0.942 0.456 0.456 0.864 0.456 0.036 1.000 1.000 1.000 1.000 1.000 1.000 0.081
0.1 0.2 0.2 0.2 0.2 0.1 0.882 0.966 0.528 0.528 0.882 0.528 0.048 1.000 1.000 1.000 1.000 1.000 1.000 0.087
0.1 0.1 0.3 0.1 0.3 0.1 0.865 0.942 0.457 0.457 0.865 0.457 0.036 1.000 1.000 1.000 1.000 1.000 1.000 0.081
0.1 0.0 0.4 0.0 0.4 0.1 0.810 0.870 0.239 0.239 0.810 0.239 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.2 0.3 0.0 0.3 0.0 0.2 0.840 0.930 0.360 0.360 0.840 0.360 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.2 0.2 0.1 0.2 0.1 0.2 0.882 0.966 0.528 0.528 0.882 0.528 0.048 1.000 1.000 1.000 1.000 1.000 1.000 0.087
0.2 0.1 0.2 0.1 0.2 0.2 0.881 0.966 0.528 0.528 0.881 0.528 0.048 1.000 1.000 1.000 1.000 1.000 1.000 0.088
0.2 0.0 0.3 0.0 0.3 0.2 0.840 0.930 0.359 0.359 0.840 0.359 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.3 0.2 0.0 0.2 0.0 0.3 0.840 0.930 0.360 0.360 0.840 0.360 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.3 0.1 0.1 0.1 0.1 0.3 0.863 0.942 0.456 0.456 0.863 0.456 0.036 1.000 1.000 1.000 1.000 1.000 1.000 0.082
0.3 0.0 0.2 0.0 0.2 0.3 0.840 0.930 0.361 0.361 0.840 0.361 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.4 0.1 0.0 0.1 0.0 0.4 0.810 0.870 0.239 0.239 0.810 0.239 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008
0.4 0.0 0.1 0.0 0.1 0.4 0.811 0.870 0.240 0.239 0.811 0.240 0.000 1.000 1.000 1.000 1.000 1.000 1.000 0.008

individual preference orderings. With three candidates and strict preferences, there are six possible orderings, DRI, DIR, RDI, RID,
IDR, IRD, where DRI indicates the respondent prefers the Democrat to the Republican to the Independent, etc. Respondents who gave
two or more candidates the same rating on the feeling thermometer, or left a thermometer blank for at least one of the candidates,
were excluded.

The variables 𝑝1, 𝑝2,… , 𝑝6 in the header of Table 6 indicate the proportion of respondents with each strict preference order, such
that 𝑉 = (𝑝1, 𝑝2,… , 𝑝6) and ∑6

𝑖=1 𝑝𝑖 = 1. The numbers underneath depict the proportion of ANES respondents with each of the six
possible preference orders for each year studied. We treat these proportions as the latent probabilities of individual preferences and
draw individuals from a distribution with those weights.

The results are presented in Table 7. Although the probabilities are smaller than those for the IC and IAC distributions, the results
are fairly similar to those reported in the body of the paper. Pairwise majority (M) is the least likely to violate Arrow’s conditions,
while the PARs in Group 1 (G) are the most likely. Pairwise majority violates T at a lower rate under these distributions than the
IC and IAC distributions, consistent with Tsetlin et al. (2003). Results for P alone and IIA alone are available upon request.

ppendix D

This appendix describes results from the dual culture (DC) distribution (Gehrlein, 2002). DC assumes that each individual
reference ranking has the same probability of its reversed, or dual, ranking. Using notation from Appendix C, this corresponds
o 𝑝1 = 𝑝6, 𝑝2 = 𝑝4, and 𝑝3 = 𝑝5. There are an infinite number of distributions that meet these conditions. We investigate values of
1 from 0 to 0.4 in increments of 0.1, allow 𝑝2 to range from 0 to (0.5 − 𝑝1), and fix 𝑝3 = (0.5 − 𝑝1 − 𝑝2).

Results for Group 2 and pairwise majority, appear in Table 8. Here we assume 𝑁 = 3 or 𝑁 = 10,000. In each case pairwise
ajority (M) is less likely to violate Arrow’s conditions than any of the other PARs. For 𝑁 = 3, Borda (BC) is the most likely to

iolate his conditions, with the exception of 𝑝2 = 𝑝4 = 0.5 in the first row where three PARs tie for worst. For 𝑁 = 10,000, each PAR
ther than pairwise majority (M) violates Arrow’s conditions for every profile drawn except 𝑝2 = 𝑝4 = 0.5. In that case, Copeland
CL), Coombs (C), and ranked pairs (R) rarely violate Arrow’s conditions. In all cases, Coombs and ranked pairs never have a greater
robability of violating Arrow’s conditions than any of the other PARs from Group 2. Both sets of results are consistent with our
indings from the IC, IAC, and ANES distributions.
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